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Abstract 

Some time ago it was conjectured that the coefficients of an expansion of 
the Jones polynomial in terms of the cosmological constant could provide an 
infinite string of knot invariants that are solutions of the vacuum Hamiltonian 
constraint of quantum gravity in the loop representation. Here we discuss 
the status of this conjecture at third order in the cosmological constant. The 
calculation is performed in the extended loop representation, a generalization 
of the loop representation. It is shown that the the Hamiltonian does not 
annihilate the third coefficient of the Jones polynomal ( J3) for general extended 
loops. For ordinary loops the result acquires an interesting geometrical meaning 
and new possibilities appear for J3 to represent a quantum state of gravity. 



1 Introduction 



One of the most promising achievements of the new variable canonical cuanti- 
zation program of gravity is the possibility to find in a generic case solutions 
to the Wheeler-DeWitt equation. This fact has allowed to remove one of the 
main difficulties that stoped the hamiltonian cuantization of gravity for almost 
thirty years. If the space of states could be determined in any appropriate 
way (that is, in any well defined formalism associated with gravity), then one 
has the chance to advance one more step in the long avenue of the quantum 
theory of gravity. In the case of the Ashtekar formalism this avenue present 
special features (as the fact that the variables are complex and reality condi- 
tions need to be imposed at the quantum level) that could reveal unexpected 
difficulties to complete the whole program. But all future advance necessarily 
goes throught the knowledge of the physical space of states of the theory, that 
is, of the solutions of the diffeomorphism and the Hamiltonian constraints. 
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There are mainly two ingredients of the new program that guide the search 
of solutions of the constraints of quantum gravity: the loop representation 
and its connection with knot theory Q and the relationship between Chern- 
Simons theory and the Kauffman bracket and Jones knot polynomials |Q. The 
existence of a loop representation for quantum gravity is a direct consequence 
of the new variables introduced by Ashtekar (connections and triads instead of 
metrics and conjugated momenta). Whenever one has a theory given in terms 
of a Lie-algebra valued connection on a three manifold, one can introduce a 
loop representation for it |^] . The fundamental goal of the loop representation 
is that it has allowed to find for the first time nonperturbative solutions of the 
Wheeler-De Witt equation. 

The loop representation has an intrinsic geometrical content that simplifies 
notably the constraint equations. The invariance under diffeomorphism of the 
theory can be immediately coded in the requirement of knot invariance. This 
fact automatically solves the diffeomorphism constraint, so we have to deal here 
only with the Hamiltonian constraint. 

One can take different points of view for the analysis of the Hamiltonian 
constraint in the loop representation. One possible approach is to consider the 
geometrical properties of loops rather than the explicit analytical expressions of 
the knot invariants. This point of view was the first adopted historically and it 
was based initially on the following observation: the action of the Hamiltonian is 
automatically zero over smooth loop wavefunctions (that is, over wavefunctions 
that are nonzero only for loops without kinks and intersections). Using this 
fact, it is possible to give a prescription that connects the space-time metric 
with some underlying structure constructed in terms of smoothened loops (the 
weaves) ||5|. 

Another possible approach to the problem is by using the analytical expres- 
sion of the knot invariants to evaluate the Hamiltonian. This apparently trivial 
observation is in fact amazing. We know only a few analytical expressions for 
the so many knot invariants that one can construct in knot theory. On the 
other hand, any explicit calculation of the Hamiltonian over a loop wavefunc- 
tion implies to compute the loop derivative over some kind of intersection 
and this means to handle with hard computational and regularization prob- 
lems. In fact, the only nondegenerate solution of the vacuum Hamiltonian 
constraint found up to now by this method corresponds to the second coeffi- 
cient of the Alexander-Conway knot polynomial and the result is only formal 
0. In spite of this, there exists a guideline that increase the expectative to 
find a systematic method to generate solutions of the Hamiltonian constraint. 
This is the content of the second ingredient mentioned above, the relationship 
between Chern-Simons theory and the Kauffman bracket and Jones knot poly- 
nomials. The possibility that these knot polynomials might be associated with 
quantum states of gravity is considered in the next section. The explicit explo- 
ration of this fact faces up with very nontrivial technical difficulties in the loop 
representation. 

Recently a representation closely related to the loop representation was 
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introduced for quantum gravity ^. This representation is based on an 
extension of the group of loops to a local infinite dimensional Lie group [10| 
and it is called by this reason the extended loop representation. In spite that 
some problems appear at the basic level of the extended loop representation 
(the convergence problems associated with the matrix representations of the 
extended holonomies and its relationship with the gauge invariance properties 
of the representation [0]), the extended loop formalism was able to show an 
interesting ability to handle the regularization and renormalization problems 
and to increase the power of calculus of the theory. These and other related 
questions are discussed in reference |12]. 

The aim of this paper is to exhibit the computational power of this new 
representation and show that relevant information about the states of quantum 
gravity can be obtained. In particular we will show under which conditions 
the third coefficient of a certain expansion of the Jones polynomial can be 
viewed as a solution of the Wheeler- DeWitt equation. The main result is that, 
when restricted to ordinary loops the third coefficient could be in principle 
annihilated by the Hamiltonian for some particular topologies of the loop at 
the intersections. Moreover, it is shown that only for such privileged topologies 
the J3 knot invariant would satisfy all the Mandelstam identities required for 
the quantum states of gravity in the loop representation. 

The article is organized as follows: in Sect. 2 the loop transform of the 
exponential of the Chern-Simons form is considered. This state is the key that 
allows to relate solutions of the constraints of gravity in the connection and 
the loop representations. In Sect. 3 a result for Hq J3 is derived in terms 
of extended loops. This section includes a subsection where the tools of the 
extended loop framework are introduced. The reduction of the result from 
extended to ordinary loops is performed in Sect. 4. The implications of the 
procedure of reduction for quantum gravity are considered and, in particular, 
the Mandelstam identities of J3 are discussed in Sect. 4.1. The conclusions are 
included in Sect. 5 and two appendixes with some useful derivations are added. 



2 The exponential of the Chern-Simons 
form 

Kodama ||l^ was the first to recognize that the exponential of the Chern-Simons 
form ^'c5[j4] constructed with the Ashtekar connection gives an exact quantum 
state of gravity with cosmological constant A: 

Ha[A] ^cs[A] = {Ho[A] + f detq[A]) ^cs[A] = (1) 

-ffo[^] and det q[A] are the Hamiltonian and the determinant of the three metric 
in the connection representation. The connection and the loop representations 
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are related through the (formal) loop transform 

^[7] = J dAW^lAl-iilA] (2) 

where := Tr[UA{'y)] is the Wilson loop and UAi'y) '■= P exp{^'^ Aa{x)dx"') 

is the holonomy. At least formally one can consider the loop transform of 

^csh] = J dAW^[A]e-7:^<^s^^^ . (3) 
This expression looks the same as the expectation value of the Wilson loop 



in a Chern-Simons theory and has been studied by many authors ||l^, 15, |T6|. 
The result is that it is a knot invariant that is known as the Kauffman bracket 
knot polynomial. The loop transform of equation (||) promotes then, at least 
formally, the Kauffman bracket as a solution of the Hamiltonian constraint with 
cosmological constant in the loop representation. This fact was confirmed by 
Briigmann, Gambini and Pullin |^ up to the second order in the cosmological 
constant. The extended loop version of these calculations has showed that the 
result is also valid into a regularized and renormalized context [^, 17 1 



The Kauffman bracket and the Jones polynomial are related through the 
following expression 

Ka{j) = e-'^^oM j^(^) (4) 

where (pcil) is the Gauss self-linking number of 7 and we have rescaled the 
cosmological constant (Anew = Aoid/6). Let K\{^) = X]m=o ^"*-^m(7) 
J\{l) = Y^'^=o Jriin) be the expansions of the Kauffman and Jones polyno- 
mial in terms of the cosmological constant, then 



^a^a(7) = £ ^™(^o + Adet<7)i^„(7) 

m,=0 
00 

= 5] A"* [H^KM+detqKm-^ii^)] 



with 



m=l 



Km — ^ *■ V^G Jm-n 



(5) 



(6) 



n=0 



The exponential of the Gauss self linking number is by itself a solution of the 
Hamiltonian constraint with cosmological constant ||l^, 17 1. This means that 

00 

e-^^«(^) = Y,K^t^[Ho^l-n det q ip^-'] = (7) 

n=0 

Using this fact it is easy to show that (^) can be put in the form 
i^Ai^A(7) = 



m—1 



J2 ^""{Ho Jm+J2^ i^G Jm-n) - n det q {ifl-^ Jra-n)]] (8) 



m=2 



n=l 
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If the Kauffman bracket is annihilated by each term of the sum in m has to 
vanish for separate. For m = 2 the above result reduces to (recall that Ji = 0) 

i^oJ2(7) = (9) 

•^2(7) coincides with the second coefficient of the Alexander- Conway polyno- 
mial, so this result is the same that the obtained by Briigmann, Gambini and 
Pullin ||7| through an explicit computation. This fact aimed these authors to 
make the conjecture that the same result could also hold for higher orders in 
A. This means that some cancellation mechanism must operate in order to 
make Hq Jmi^) = for all m (the cancellation of the sum of square brackets 
in (§)). If this is true, the expansion of the Jones polynomial in terms of the 
cosmological constant would provide an infinite string of knot invariants that 
are annihilated by the vacuum Hamiltonian constraint. 
To third order in A equation (^ reads 

Ha i^f ) =A^{HoJ3 + detqJ2-Ho{ipGJ2)} (10) 

The analytical expressions of the knot invariants included in the above equation 
are the followings: 

^Gil) = l9,^>.,X>^'^Hl) (11) 
J2(7) = -3{V,,,^3X^^^^'^n7) +5mi/.35m2M4^'^^^^'^^'^^(7)} (12) 

^3(7) = -6{(25miM45m2M55m3M6 + lff(MlM35M2M55M4/.6)c)^^''''^''''^'^'(7) 
+5(,.,3^2M4.5).^"^"^"^"^"^(7) 

The loop dependence of the knot invariants are written in terms of the multi- 
tangents fields Ar'^i ' '^"(7), which are defined as distributions integrated along 
the loop 7: 



X^i-^"(7) := i dyl-...i dyl'Sixn- Vn). ■ A^i- yi)&yio,yi,. . .,yn) (14) 

The greek indices of the multitangents represent a pair of vector index and space 
point {fj.i := {ai,Xi)). The @ function orders the points of integration along 7 
with origin o and g^j^f^^ and /i/ii/i2At3 ^^'^ three point propagators of 

the Chern-Simons theory, given by 

{xi-X2f _ _ ^ (,r^ 

hfi^^2lJ.3 = e ^ ^ ^ 9^1"! 5/^2^2 5/^3^3 (1^) 

with 

'' d^t 5{zi - t) 5{z2 - t) 5{z:i - t) (17) 
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In equations ([Tl|)-(13) a generalized Einstein convention is assumed (the re- 
peated vector indices are summed from 1 to 3 and the spatial variables are 
integrated in TZ^). 

The above expressions admit a direct translation to the extended loop space. 
In fact, extended loops were introduced as generalizations of the multitangent 
fields to includ more general fields. These fields are multivector densities that 
satisfy two conditions: the differential and algebraic constraints, given by 



and 



In (19) the underline means a sum over all the permutations that preserve the 
order of the k and n — k indices among themselves. The differential constraint 
depends on a basepoint o (we have xq = Xn+i = o in (|l^)), that coincides 
with the origin of the loops when X^'' = X^''{'y). The constraints are related 
to properties of the multitangent fields: the differential constraint ( p!8| ) is as- 
sociated with the behavoir of the holonomies under gauge transformations and 
the algebraic constraint (19) is a consequence of the existence of an order of 



integration along the path (the function that appears in (14)). In general we 



write the elements of the extended loop group as infinite strings of the form 

X = {X, X^i, X^i-''", ...) = {X, X^^) (20) 

where X is a real number and fi = (^i . . . Hn) represents a set of indices of rank 
n{fi) = n (the rank of a multivector is given by the number of paired indices). 
The extended group product is defined through the expression 

(XixX2)'^ = ^!;gxf x| (21) 

where the matrix 0^ is given by the following product of discrete and continu- 
ous delta functions |^: ■ ■ ■ 5^^ if the sets a and /3 have equal rank and zero 
otherwise. In (|2l| ) the sets tt and 9 are summed from rank zero to rank infinite. 
Notice that for n(7r) = and n(d) = one gets the components of rank zero of 
the multitensor strings. 

The Hamiltonian and the determinant of the three metric can be imple- 
mented in the extended space. So one can verify if H\ K)^ = in the ex- 
tended loop representation. The evaluation of Hq J3(X) is possible but implies 
a long calculation. Here we adopt the following point of view: we accept 
that the Kauffman bracket is annihilated by H\ and then we derive a result 
for Hq J3 (X) from the annulment of ( p!o|) . The confirmation of the fact that 

Ha ^ = will be given elsewhere ||l 



1 



^p'i ■= ^Z^i^i - Vi)^ "^itli {ci.Zi) and (3i {di,yi). 
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3 A result for Hq J3(X) 

We start this section introducing the fundamental tools of the extended loop 
framework. 

3.1 Extended loops and quantum gravity 

The extended loop representation of gravity is constructed in the group Vo 
whose elements satisfy only the differential constraint. The wavefunctions are 
linear in the multivector fields and the Mandelstam identities make them to 
depend on the following combination of X's 

V'(X) = V'(R) =Z)/,fi/^ (22) 

with 

Rt^ := ^[X^^ + X'P] (23) 

The overline indicates two operations: the reversal of the sequence of indices 
and a sign that depends on the rank of the set; that is 

X/^ := {-l)■'^Wx^^~' (24) 

with /i^^ := {fin ■ ■ ■ fJ-i)- The expression of the constraints in terms of extended 
loops are 

CaM^) = H^abix) X R(^")) (25) 

^Ho{x) ^(R) = ij{Tab{x) X R(-'''-)) (26) 

The action of the diffeomorphism (|25| ) and the Hamiltonian (^) operators 
reduce to a shift in the argument of the wavefunctions. The shifted arguments 
are given in both cases by the group product between an element of the algebra 
(the J-'abix)) and a combination of R's with one and two spatial points evaluated 
at X. The J-ab{x) has only two nonvanishing components 



rab''''''{x) = 5l\''dd5{xi-x) (27) 

jr^^a.x, a,., ^ ^ai a2 ^(^^ _ ^) ^^^^ _ ^) ^ (28) 

and the "one-point-R" and the "two-point-R" are given by the following com- 
binations of multivector fields: 

jj^(aa;, _ j^{ax,bx)fJ, ^ j^{ax TV bx 0)c (30) 

The subscript c indicates cyclic permutation. For the determinant of the three 
metric one finds the result 
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^detq{x)iP{K) = V^(e,fe,R('^-'^-'-)) (31) 
where the "three-point-R" is given by the following expression 

j^{ax,bx,cx)ll §^ ^ ^ j^{ax [3 bx OL cx'^)c j^{ax OLbx [3 cx^)c'\^ (32) 

The diffeomorphism and the Hamiltonian have very similar expressions 
when they are written in terms of extended loops. The only difference is the 
object that one puts into the group product with Tab{x). So, the difference of 
the results would depend on the properties of the one- and two-point-R. The 
difference lies basically in their symmetry and regularity properties. A multi- 
vector field with two indices evaluated at the same spatial point generates a 
divergence. This is due to the distributional character of the multitensors. A 
multitensor satisfying the differential constraint ( p^ diverges when two succes- 
sive indices are evaluated at the same spatial point. This divergence can be 
regularized introducing point-splitting smearing functions. In spite of this, we 
develop here only the formal calculation for the sake of simplicity. The reg- 
ularization and renormalization of the formal result for Hq J3 involves several 
particular features that will be given elsewhere. 

Notice the effect of J-ab{x) in the general expression of the constraints. This 
quantity has only two nonvanishing components of rank one and two, so 



00 

ii/o(x)V(R) = Y.D^,,,,^^[J^^l{x)R^^^'''^^^^---^- +J'^^^^'\x)R^^^^^^^ 

n=0 

(33) 

Duo to the Mandelstam identities the propagators are cyclic under permuta- 
tion of the indices {D^^^^^^^ = D(^^...fj,„)J- This means that the indices of the 
propagator that are contracted with J-abix) really lie in any position of the 
D's. In general the result of this contraction is to modify the structure of the 
propagator and to fix some indices of the propagator and of the two-point-R at 

X. 

3.2 The calculation 

From the annulment of (|lO| ) one has 

Ho J3 = Ho{^gJ2)- det q J2 (34) 

In order to compute the first contribution of the r.h.s. we need to define the 
action of an operator onto the product of two invariants (remember that the 
operators only know to act on linear expressions of the multivector fields). The 
linear wavefunction that corresponds to the product of (pc and J2 is taken to 
be the following 0: 

^The star product can be defined in a rigorous manner in the extended framework and it satisfies 
several interesting properties, sec |20|. 
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(^g(X) J2(X) ^ * J2)(X) := V3^,^,X^^«^4'^^ 

In Po, ((^G * •^2) defines the wavefunction "product" of ipc and J2. For any 
multitensor that satisfy the algebraic constraint the above expression reduces 
to the usual product of the two diffeomorphism invariants. From (|ll|), (|l2|) and 



(32) we then have 



Ho {ipG * J2)(R) = -9[9,^,,K,,,,,i^ab{x) X R(--M)An^M3/.4M5 



It is possible to prove that 



i=0 

n 
i=fe 

This result follows from the fact that J-ab{x) satisfies the homogeneous algebraic 
constraint. Developing (p6|) according to this rule one obtains 



Ho {^G * J2)(R) = -^[g^,^,h^,^.,^,{^ab{xY'R^''''^''^^^^'^'^' 

_^j:^^^^^fJ-3 Jl{a-x,bx)fiifj^fi4tJ'5 _|_ j:^^^^^tJ-:itJ-4 J^{ax,bx)tj^iji2li5-^ 

+9^.^^.,9^.,^.,9^.,^.,{^ab{xY'R^''''''^^^'''^'^^^^^ 

Next we have to evaluate the action of J-ab{x) onto the two and three point 
propagators. The following results are obtained 

■J' 26^^(2^)5/^1/^2 ~ ~^aba2^{x — X2) — da29axbx2 (^9) 
J^ab^^ (x) 

h^l^2lJ.3 ~ 9fi2[ax9bx] fi3 ~^ {9axbx2 ffax 6x3 ) 5/^2/^3 
~^29axbz^ ^ ^ ^[9^i3Cizda2 9c2X2Caz 5/22 £12^^03 9c2X3C3Z ] (40) 
9fiifi:i 9fi2 9^3 [ax 9 bx] /t4 

(41) 

26^^^^(2^)^/41/12/23 ~ '^f^axbx/is (42) 



In the last term of (40) an integration in z is assumed. Introducing (^ 
into ( |38| ) and performing the integrations by parts indicated by the derivatives 
we get 
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iHo {ipG * J2)(R) = eafe,VM2M3«^""''"^-''^'''''' 

-\~(-abcgpL fj. 9^1 fi ''^)^'^i/^2At3M4 _|_ ^(ax,fex)/ii_M3M2ca;/i4j 

9/ii/X2 [2^ax bx/i3 £ ^ ^ ^ Saxbz9fJ,3 ciz9c2X C3z]R^ ' ^BlHl.^^^ 

+9axbz[9^.,^.39^.,^.AzR^'''''''''^-^'^'^''^' + /^/.i/.^Ma^-i^^""''")^'^^'^^^^] (43) 
It is easy to demonstrate that 

'^f^axbxfig — £ ^ 9ax bz9fi3 ciz9c2X C3Z ; (44) 

and 

Q^^^(ax,Hc^A.i...^„ ^ (46) 

Using these results one obtains 

^Ho {ipG * J2)(R) = e„t,eViM2M3^^""''"^-''^'''^' 

g |-^(ax, fex)ex/Ji^2A'3A'4 _|_ j^(ax , bx) ^ii 113 cx fij-^ 

The determinant of the three metric on J2 gives 

detqMK) = -6e,fe,[VM2/.3^^""''"''^"^'^^^''^' +5miM35m2/.4^^""''"''"^^^^''^'^1 

(48) 

In the appendix I it is demonstrated that the three-point-R that appears in 
det q can be related to the two-point-R of the Hamiltonian in the following way 

eabcR^"''''"'''''^^ = -eabclR^"'-"'^'"'^^ + (49) 
if the set of indices /x is cyclic and 

j^(ax, bx)cxU ^ j^{ax,bx)cy. cx f3 (50) 

j^{ax,bx)cxfl j^{ax,bx)a cx l3 (51) 

Notice that the above expressions correspond to the algebraic constraint com- 
bination (19) underlying the index cx (in (51) one has besides to overline the 



set of indices that follows cx). Using ( |49D we get from ( |47D and 



^0 {^G * J2) - detqix) J2 = 9e„be<7w/.25^3/^4^^""''"^^''''"''' 

+Qeabch^i ^ n [i?("^'*^)^A'iA'2M3 _ j^(ax,bx)^fii/i2fJ-3j 

+6ea,c5MiM39M2M4[«^""''"^-'^^'^^^^''^ - i?(-'^-)ii^i'^^^3/.4] (52) 
It is easy to see that the first contribution of the r.h.s. can be put in the form 
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ax,bx)fj,iij,3 cx fi2lJ,4, _j_ j:j(ax, fex)/xi/i3 ca;/^4/i2j i^'i) 

and that 

eabcg,,^29^3>^4R^"''''^'>^'"''^^"''''^' ^ (54) 

by symmetry considerations. These facts ahow to write the following expression 
for the Hamiltonian on the third coefficient of the Jones polynomial 



How can this result be zero? The only general way to get the cancellation of (p^) 
is by using symmetry considerations. The answer is negative: the Hamiltonian 
does not annihilates the third coefficient of the Jones polynomial for general 
extended loops. In fact, developing the two-point-R's according to ( pO| ) and 
using the symmetry properties of the R, the propagators and eabc one gets [|l9| 



_j:^{axfj.ibxfj.3fj.2CXfj.4)cj ^gg-j 

No further reduction is possible. In the next section we shall see that new 
possibilities appear when (^5|) is specialized to ordinary loops. 



4 Hq J3 in terms of ordinary loops 

The relationship between the extended loop and the loop representations can 



be formulated in general. It is demonstrated that the constraints (25) and (pq) 
generate those of the conventional loop respresentation when extended loops 
are reduced to ordinary loops 1^]. We will use here the same procedure of 
reduction to express (55) in terms of ordinary loops (that is, when one imposes 
that R = R(7) is a multitangent field). 

Let us consider a loop 7 that intersects itself p times at the spatial point x 
(we say that the loop has "multiplicity" p at x). Following Q we write 

lo = l^'Hbxx]h^'^°x (57) 

where o is the origin of the loop and 7^ indicates an open path from y to z. 
The loops 'jxx, i = I, . . . ,p are the p "petals" (basepointed at x) of 70 and 

[7xx]^=7«7i^'^■••7i^ (58) 
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Usually we denote this composition of loops simply by 7jfc. The loop 70 is 
completely described by the multitangent fields X/^(7o) of all rank. As we 
know, these fields satisfy the algebraic and differential constraints. Besides, 
the multitangents have another property related to the possibility to write a 
loop composition of open paths. In general 

X'^i-/^"(7„) = /" dz^^Sixi- z)X^''■■■''^-^{Yo)X^'^+^■■■^'"{-f°) (59) 

J -to 

If the index /Xj is fixed at the point x one can write 



(60) 



m=l 



where Tf^ is the tangent at x when the loop crosses the time m to this point 
(in the above expression the following convention is assumed^ [T^^^^lm+i ^ ^xx^ 
with ixx the null path) . The property ( |60| ) can be easily generalized to the case 
of any number of spatial indices evaluated at x. In the appendix II we shall 
show that the following decomposition is valid for ii('^^'bx)ot cx /3 (^^^y_ 



Tj{ax,bx)Ot cx f3 ( \ 1 \^ rpaxrphxrpcx ^ 

*^abc^ \lo) — 2 "-f"^ '^rn,q,r -'-m ^ 

[^^"l(7™,7r™)^l^^^(7.r) +X("l(7,^7n^,)Xl^)^(7,,) + 

^^"'(7«r7m,)^'^^=(7™) +^^"l(W.r)Xl^)=(7,„) + 

^^"'(7™%.)^'^^= (7m.) + X("l(7,.7rn^)Xl^)^(7„,)] (61) 

where (• || ■)c indicates the cyclic permutation of the sets of indices and the 
sums run from 1 to p — 2 for m, from m + 1 to p — 1 for q and from q + 1 to p 
for r. In the above expression 7^;, := ^i^Vxa; • ■ 'Txl defines the rerouting of 
the loop 7ifc and 



Imq 
Iqr 
Irm 



[7a;a:]m+l 

[lxx\q+l 

IP ^(1)0 (l)xr 
[lxx\r+ll xl oil: 



m 
xx\2 



(62) 
(63) 
(64) 



Notice now in which way the combinations defined by ( |50D and (51) are gener- 
ated from (^): one has simply to contract (|6T|) with and ^^-g respectively. 

This means that a group product is formed for all the terms of (|6l| ) and the only 
difference between the two cases will be the "rerouting" of the set of indices /3. 
Using the fact that 



j;^^X"(7)X/3(7')=X/-(77') , 



(65) 
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and 

X/^(7)=X'^(7), (66) 



one gets from (|6lD the following results: 

m,q,r 

[R^{lmqlqrlrm) + {l qrlrralmq) + R^^ {%rnlmqlqr) + 

R^ ilmq^qT^rm) ~^ R^ ilqr^rm'ymq) ~^ R^ {irmlmq^ qr)] (67) 

and 

m,q,r 

R^ilmqlrmlqr) + R^ {iqr^mqlrm) + R^ [irml qrlmq) 
+ \{X^{lmqlrmlqr) + {l qrlmqlrm)] 

+ \{X^^{lqrlmqlrm) + X^ilrmlqrlmq)} 

+ \{X^^{lrmlqrlmq) + Xt^ilmqlrmlqr)}] (68) 

We see that the loop 70 is descomposed into a "three petal structure" with a 
rerouted portion. Each "petal" consists of a combination of loops basepointed 
at X. Suppose now that the greek indices of the above expressions are contracted 
with suitable propagators D^. Then using the cyclicity of we get 

m,q,r 

[V'(7mg7gr7rm) + V'(7mg%r7rm) + tp{lmqlqr7rm)] (69) 

and 



m,q,r 

['iPilmqlrmlqr) + tpilrml qrlmq) + '^{iqrlmqlrm)] (70) 

with 

V^(7) := D^Ri'i^) (71) 

If ■0(7) is a knot invariant, the r.h.s of equations (^) and (^) reduces to a 
combination of invariants evaluated onto the three petal structure. This result 
shows that the algebraic combinations (50) and (51) are able to capture relevant 
geometrical information when they are specialized to ordinary loops. 

What happens with the terms of the form g..g..R^'^^'^^^" in ([55|)? These 
terms generate Gauss link invariants when ordinary loops are introduced. In 
effect, it is possible to show that 
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rn{aa',fe3:^)/ilM3CX/i2M4 _j_ o(aa;,fex)/ii/i3ca:'/i4A»21 

r) \ ^ rpaXrpbXrpCX 



i2'^l'^3(^^^)|^/.2M4(^^^^^^) + ^M2M4(^^^^^^)} 
+ i?'^^'^3(^^^){^M2^4(^^^^^J + ^;.2M4(^^^^^^)} 

+i?'^^'^«(7rn^){i?'^^'^^(7„.,7,r) + R^'^^lqrl mq)} ] (72) 

Due to the algebraic constraint, 

^Mi/.3 (^) = 1 j^Mi (^) (73) 

and 

^A«2M4 ) ^ 1 [J^M2 (^) _ (^/)] [J^M4 (^) _ X^** (y )] (74) 

So one can write 

9,,,,9,-s,,R''^'{l)R'''HH') = Wcil^i) - ^G{l,i')? (75) 

with 

^g{i. i) := l9a,a,X-' (7)X°2 (V ) (76) 

the Gauss hnking number of the loops 7 and 7'. Introducing now equations 
(H), (^), (^) and into (|5|) the following result is obtained 

m,q,r 

{hilmqlqrlrm) + J2{lmql qrlrm) + J2{lmqlqrl rm) 
-J2{lmqlTm'lqr) " J2{lrmn qrlmq) " J2{lqr'lmql rm) 

-6[v?G(7mg,7gr) " ^G{lmq,lrm)? " 6 [(^G (7gr , 7rm ) " 'fG{lqr,lmq)? 
-^VPG{lrm,lmq) " V5G(7rm, 7gr)]^ } (77) 

This expression can be simplified using the following Mandelstam identity valid 
for J2: 

J2{lmqlqrlrm) " Mlqrlmqlrm) = Mlqrlmqlrm) " J2{lniqlqrlrm) (78) 

We then conclude 

HoJsi^o) = -12eabc XI T^Tg^T^^ { J2i7mq7qr7rm) - J2{lqTlmqlrm) 
m,q,r 

+2[V3G(7mg,7gr) " V'G (7mg , 7rm ) ] ^ + 2[(/?G(7gr, 7rm) " ^G^qr^mq)? 
+2[(/?G(7rm,7mg) " VG(7rm, 7gr)]^ } (79) 
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This expression has a quite nontrivial geometrical content. The action of the 
Hamiltonian on the third coefficient of the Jones polynomial is given by a 
combination of knot J2 and link ^pc invariants for a loop with an intersection 
of arbitrary multiplicity. Moreover, the knot and link invariants are evaluated 
onto a precise decomposition of the original loop into a three petal structure 
basepointed at x. 

The knot and link invariants appear combined into pairs. This fact suggests 
that J3 could in principle be annihilated by i^o by means of simple topological 
requirements. For example, for the unknot trefoil (^) reduces to 



ifo J3 (unknot trefoil) = l2eabcTrT^''T§' {^{-12111^) " ^2(717273)} (80) 

that is nonzero in general. In spite that the cancellation does not take place for 
the simplest three petal structure, it seems plausible that it could happen for 
some topologies of that kind. A first approach to the problem has not revealed 
any immediate solution of this type. This topic is currently under progress. 

4.1 The Mandelstam identities of J-x 



The Mandesltam identites [22| are requisites for the wavefunctions in the loop 
and extended loop representations (the identities follows from the properties 
of the Wilson loop and the Wilson functional is in the basis of the loop and 
extended loop transforms). One can see that J3 does not satisfies all the Man- 
delstam identities in general (that is, for arbitrary loops or extended loops) 
0. From this point of view one can question the expectative that this knot 
invariant could represent a genuine quantum state of gravity 

An intriguing fact that we are going to consider here is that the Mandelstam 
identities are recovered totally by the J3 invariant z/the topological conditions 
necessary for Hq J3 = are fulfilled. 

As it was mentioned in Sect. 2, the Kauffman bracket can be viewed as 
the expectation value of the Wilson loop. This means that the knot invariants 
Km{l) of the expansion (^) satisfy the Mandelstam identities by construction. 
According to (P), each coefficient of the expansion is expressed by a sum of 
products of Gauss and Jones invariants. As the Mandelstam identities are 
nonlinear, the identities will not be inherited by Jnin) in general ^ (the abelian 
property makes trivial the Mandelstam identities for the case of the Gauss 
invariants). 

Let us limit the discussion to the case of interest. To third order one has 

K^ = ,h- J2 - (81) 



thank Rodolfo Gambini to point me out this fact. 



■^This fact was not realized at the time the conjecture mentioned in Sect. 2 was proposed. 
^The second coefficient J2 is an exception to this rule. 



15 



The product J2 is responsible that the property ( |78[) will not be inherited 
by J3 0. However, from the fact that J2 and ^pc satisfy the identity ( [78D it is 
straightforward to derive the following relationship for the product of the two 
invariants 



{h ^G){lmqlqTlrm) = 
{J2 ^G){lqTlmqlrm) + {J2 ^G){lqrlmqlrm) " (-^2 'fG){lmqlqrlrm) + 
[J2{lqrlraqlrm) " -^2 (7mg7gr7rm)] [V'G (7<?r7mg7rm) - 'fGilmqlqrlrm)] (§2) 

where we have used the fact that 



VGilmqlqTlrm) = VGilqrlmqlrm) (83) 

The difference of the Gauss invariants is simply given by 

^PGilqrlmqlrm) - ^G{lmqlqrlrm) = ^.'^Gilmq, Irm) + </'G(7gr, 7rm)] (84) 

and using (|78| ) again we conclude from ( |82|) 



{h ^G){lmqlqrlTm) + (^2 fG){lmqlqrl rm) = 

{h m){lqrlmqlrm) + (^2 ^G){lqrlmqlrm) + 

^[J2{lmqlqrlrm) - J2{lqTlmqlrrn)\VPG{lmq-,lTm) + ^G{lqr-,lrm)\ (85) 

Those three petal structures that are annihilated by the Hamiltonian constraint 
would verify that 

J2{lmq'lqrlrm) " J2{lqrlmqlrm) = (86) 



For these cases, J2'fG recovers the property ([78|). As ipQ satisfies the Mandels- 
tam identities in general, we conclude that J3 will verify the Mandelstam iden- 
tity (78) for those loops that makes Hq Jsijo) = at the intersecting points. 



5 Conclusions 

The initial question about the third coefficient of the Jones polynomial in quan- 
tum gravity can not be answered with a simple yes or no. In the analysis, we 
have passed from a negative answer in the extended loop manifold to a new 
expectative in the ordinary loop space. The new expectative is based in the 
nontrivial topological content of the result (|79|). 

The possibility that this result could provide a new solution of the Wheeler- 
DeWitt equation is still unclear. Besides the proper difficulty associated with 
the topological conditions that have to be fulfilled, there exists some problems 



^There are three basic Mandelstam identities: the cyclicity (J3(7i72) — ^3(7271)), the inversion 
{J3{-/) — Jsi^)) and (78). The first two are valid in general for J3. 
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on the general ground. The main problem follows from the restriction of the 
domain of definition of the loop wavefunction. The limitation of the domain in 
the loop space implies some kind of characteristic function that takes the value 
one for a set of loops with a definite topology and zero otherwise. This fact 
faces up two new difficulties: the action of the Hamiltonian on the Heaviside 
part of the wavefunction could be nontrivial and the Mandelstam identities 
of the restricted wavefunction break down. Up to present it is not clear how 
to solve these questions in a general way. It is worth of emphasize that this 
objections are shared by the smoothened loops of reference [^. 

To finalize, a comment about the use of extended loops in quantum gravity 
is in order. In a companion article |1£] it is explicitely proved that the Kauffman 
bracket is a solution of the Hamiltonian constraint with cosmological constant 
to third order. This requires the explicit computation of the vacuum Hamil- 
tonian on J3, a very involved task from the point of view of the conventional 
loop representation |^. Besides of this, the analysis developed in |19| shows 
that a systematic of operation exists for the constraints in the extended loop 
framework. This systematic allows to raise several interesting questions about 
knot theory and quantum gravity, such as: Which are the analytical expressions 
of the knot invariants in terms of the two and three point propagators of the 
Chern-Simons theory that satisfy the Mandelstam identities?; or: There exist 
loop wavefunctions of this type besides the Kauffman bracket, the exponential 
of the Gauss number and the second coefficient of the Alexander- Conway coef- 
ficient? These questions are of interest to the knowledge of the state of space of 
quantum gravity. Extended loops are able to provide an answer to these (and 
related) topics. 
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Appendix I 

The action of the determinant of the three metric is characterized in the ex- 
tended loop representation by R,(a2;,fex,ca:)_ show here that this combination 
of multitensor fields can be written in terms of the two-point-R that appears 
in the Hamiltonian. The definition of the three-point-R is 



j^{ax,bx,cx)fl ^A* ]^ j^{ax (T2hx (Ti cx (T^)c j^{ax (T\hx (T2 cx (T^)c'\^ (87) 



^In general, the loop derivative obligates to limit the analysis to loops with sonie kind of simple 
intersection (typically, intersections of multiplicity three). Notice that the results obtained via 
extended loops are valid for arbitrary ordinary loops. 
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From ( |30| ) we have 

j^{ax, bx)OL cx (3 §^Q^ ^ R^'^^ ^ ^^'^ 

and it is easy to see that 

SrOLcxB rOicxCTcS cCX. c<T cx B 

6^0 ^ = (5^ S'^g + S^Jg ^ (89) 

Then _ _ 

j^{ax,bx)Cl cx f3 ^j^{ax Cl cx cr bx 0)c -j^{ax TZ bx [3 cx (T) c (90) 

The i?'s are invariant under the overhne operation: = R^^ . Using this 
property to reverse the sequence of indices of the last term of the r.h.s we get 

-p^{ax,bx)cy. cx (3 -p^{ax CX cx (Tibx (T2)c _j_ -p^{ax (T 2 cx (3 bx (T i) c (91) 

Then, 

j^{ax, bx)cxfl j^{o,x, bx)OL cx f3 

_ r>iaxa.cx(TibxW2)c j_ r>{ax (T2 cx f3 bxWi)c/Qi)\ 

If the set of indices /x is cychc one has 

e:.2^ = €ih^. (93) 

and then we get from (p^) 

^^^^j^{ax,bx)cxfl _ _2g^^^(5^ ^ ^ j^(ax(Tibx(T2Cx'a'j,)c |-g^-j 

A similar procedure can be applied to (|5l|). One obtains in this case 

^^^^^(a.,fe.)^/x ^ _^^^^^^t^^^^^^-^iaxa2bxa,cxa,). (95) 
Introducing (^) and (^5|) into ( p7| ) we conclude that 

e„fe,i?('^^' = -eabcli?^"^' '"'^='^ + \R^''''' ^^^^Z^] (96) 

if the set of indices /x is cyclic. 

Appendix II 

In this appendix we shall demonstrate that 

r){ax,bx)acx f3( \ _ _1, , \p j^axrnbxrncx ^ 

^abC'^'' \ loj 2 '^"C Z^m,q,r m q r 

[^^"'(7™,7.™)^l^^^(7,r) +X("l(7,^7n^,)Xl^)^(7,,) + 

^^"'(7,r7„^,)^'^^=(7rn^) +X("l(7^,7,,)Xl^)=(7,^) + 

X("l(7™v)^l^)^(7m,) + X("l(7,,7r„^)Xl^)^(7^,)] (97) 
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for a loop with multiplicity p at x. From (^TJ) we know that 



Tj(ax,bx)Ot cx f3 rA*^ Tj(ax (T2bx /3 cx (Ti)c _i_ A T3{ax Ckbx (Ti cx (T2)c] 

(98) 

We start by considering in general the decomposition of r("-^^^ bx(T2 cx 0-3)0 ^^^y 
The expression of this quantity in terms of multivector fields is 

-j^(axcribxcr2CX(T>,)c _ l]^j^(ax (T\bx(J2CX(Tz)c _ ^ (ax ffs ex CT2 6x^1)0 j (99) 

Let us first develop x^'^^^'^^^^'^^^^'^'^'^ijo). The cyclic combination of multi- 
vector fields with one spatial index evaluated at x can be written in this way 



^{ax a), ^ dx.X^X^' (100) 



Then 



■^{ax(Tibxcr2CX(T3)c _ ^^i^^''''2ca; '7'3^A2ax Ai (101) 

The delta matrix with two spatial indices fixed at x admits the following de- 
composition 

cCTibx (T2 cx (T3 rCTibx (T2 cx c(T-j cCTibx p, c(T2 rp, cx (T3 

0X,X2 = Op^X2 + 0x, (^P,P2^\2 

Introducing (|102D into (|101|) we get 



■y-lax (Tibx <T2 cx (73)0 A""^ y- A2 fex <T2 cx (T3 ax Ai _i_ X^"^ Ty-A2 cx (T3 ax (Ti fex Ai 

A1A2 ' A1A2 

_j_ d'x^x X^^"'^'^^^^'^^'^^^^ (103) 

A multitangent field with three indices evaluated at x decomposes in the fol- 
lowing way for a loop with multiplicity p at x 



J^X2 ax (7 bx Cr' CX Xl ^ ^ ^ rj-taX rpbx rj-tcX 

m,,q,r 

X^^(7(')S[7xx]?)X-([7xx]^+i)X"'([7xx]^+i)X^H[7xx]?+i7(')S)(104) 

Notice that the sets Ai and A2 will be joined by a group product once this 
result is introduced into ( |103| ) . Each of these terms generate then the following 
composition of loops 



<^I:A2^^H[7xx]^+i7(')S)^^^ (7(^)2 [7xx]^) = X-H[7xx]^+i7(')S7(')S [7xx]^) 

(105) 
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We get from ([lO^ ), (|T0§) and ( |T05D 



= eafec E C'Tf T-X('^^I(7,^)X"^^I(7„,)XI'^^)=(7,,) (106) 



m,q,r 



where (■ || ■ || Oc means the cychc permutation of the sets of indices. The other 
contribution of (^) can be developed in a similar way. In this case we have 
the reroutings generated by the overhne operation: 



m,q,r 
m,q,r 

Using the above results one can write 



Tj{ax (Ti bx (T 2 cxcr 3) c 1^ rpaxrpbxrpcx w I'inS'l 

[X(-^l(7™)Xl-^l(7™,)Xl-3)c(^^,)+X(-3l(^_)Xl'^^l(7„^)Xl-^)=(7,,)] 

Now it is straightforward to evaluate the r.h.s of (^). For the first contribution 
of (^8|) we have 

f , A'* n{ax(T2Cx(3bxWi)c( ^ _ 1, , rpaxrpbxrpcx ^ 

^abc'-' (j-^<T2^^ \io) — 2 <^tic /^m,q,r -'^q ^ 

[x(-=^l(7.^)xl/3|(7^,)xl^^)^(7,.)+X(^^l(7.™)Xl^l(7^,)xl-^)=(7,.)] 

1 rpaXrpbxrpCX y 

2^abc Z^rn,q,r ''- m -'^q ■'^r 
[X'^{l,rlrra)Xl^{lmq) + X"^ {-f^gJ,r)X^ (^rm) + X'^ {j,^^mq)X^ hqr) + 
^"(7rm%r)^^(7m9) +^"(7gr7mg)^^(7rm) +^"(7mg7rm)^^(7gr)] 

(109) 

A similar result is obtained for the other contribution: 

, Xf-' n(axabx(TicxW2)c(^ ^ _ 1, rpaxrnbxrncx y 

'^abc'^ (Ti(T2 \fo) 2 °-tic Z^m,q,T -'^m -'^ q -'^r ^ 

[X'^{l^q)X(^{lqrlrm) + X"^ i^gr)Xf^ {^rmlmq) + (7^)^^ (7m,7,r ) + 

X"(7^^)x/3(7^„7,,) + X"(7,,)X^(7^,7™) +X"(7,„)x/3(7^^7„^)] 

(110) 

Introducing now ( 109 ) and (|110| ) into (p^) we get the result (^ 



20 



References 

[1] A. Ashtekar, Phys. Rev. Lett. 57 (1986) 2244; Phys. Rev. D36, 1587 
(1987). 

[2] C. Rovelli, L. Smolin, Phys. Rev. Lett. 61, 1155 (1988); Nucl. Phys. B331, 
80 (1990). 

[3] B. Briigmann, R. Gambini, J. Pulhn, Gen. Rel. Grav. 25, 1 (1993). 

[4] R. Gambini, A. Trias, Phys. Rev. D22, 1380 (1980); Nud. Phys. B278, 

436 (1986). 

[5] A. Ashtekar, C. RoveUi, L. Smohn, Phys. Rev. Lett. 69 (1992) 237. 
[6] R. Gambini, Phys. Lett. B255,180 (1991). 

[7] B. Briigmann, R. Gambini, J. Pulhn, Phys. Rev. Lett. 68 (1991) 431. 

[8] C. Di Bartolo, R. Gambini, J. Griego, J. Pulhn, Phys. Rev. Lett. 72, 3638 
(1994). 

[9] C. Di Bartolo, R. Gambini, J. Griego, Phys. Rev. D51, 502 (1995). 

[10] C. Di Bartolo, R. Gambini, J. Griego, Comm. Math. Phys. 158, 217 (1993). 

[11] T. Schilling "Non-covariance of the extended holonomy: examples", 
preprint gr-qc@xxx.lanl.gov:9503064 (1995). 

[12] C. Di Bartolo, R. Gambini, J. Griego, J. Pullin, "Knot polynomial states 
of quantum gravity in terms of loops and extended loops: some remarks" , 
to appear in J. Math. Phys (1995). 

[13] H. Kodama, Phys. Rev. D42 2548 (1990). 

[14] E. Witten, Comm. Math. Phys. 121, 351 (1989). 

[15] L. Smolin, Mod. Phys. Lett. A4, 1091 (1989). 

[16] E. Guadagnini, M. Martellini, M. Mintchev, Nucl. Phys. B227, 111 (1989). 

[17] J. Griego, "A renormalization of the Hamiltonian constraint of quantum 
gravity using extended loops", IFFC preprint 95-05 (Montevideo). (Mon- 
tevideo). 

[18] R. Gambini, J. Pullin, in "Knots and quantum gravity", J. Baez editor, 
Oxford University Press (1993). 

[19] J. Griego, "The Kauffman bracket and the Jones polynomial in quantum 
gravity", IFFC preprint 95-04 (Montevideo). 

[20] C. Di Bartolo, in preparation. 

[21] C. Di Bartolo, private communication. 

[22] R. Giles, Phys. Rev. D24, 2160 (1981). 



21 



